By using only a fraction of the model space extended beyond current no-core shell-model limits and a many-nucleon interaction with a single parameter, we gain additional insight within a symmetryguided shell-model framework, into the many-body dynamics that gives rise to the ground state rotational band together with phenomena tied to alpha-clustering substructures in the low-lying states in 12 C, and in particular, the challenging Hoyle state and its first 2 + and 4 + excitations. For these states, we offer a novel perspective emerging out of no-core shell-model considerations, including a discussion of associated nuclear deformation and matter radii. This, in turn, provides guidance for ab initio shell models by informing key features of nuclear structure and the interaction.
Our present-day knowledge of various phenomena of astrophysical significance, such as nucleosynthesis, the evolution of primordial stars in the Universe, and X-ray bursts depends on reaction rates for the stellar triple-α process, which can considerably affect, e.g., results of core-collapse supernovae simulations and stellar evolution models, predictions regarding X-ray bursts, as well as estimates of carbon production in asymptotic giant branch (AGB) stars [1] . These rates, in turn, are greatly influenced by accurate measurements and theoretical predictions of several important low-lying states in 12 C, including the second 0 + 2 (Hoyle) state and its 2 + excitation that continues to foster debate in experimental studies [2] [3] [4] [5] [6] [7] . Further challenges relate to the longrecognized alpha-cluster substructure of these states that has been explored within cluster-tailored [8, 9] or selfconsistent [10] microscopic framework, but has hitherto precluded an accurate -from first principles (ab initio) -no core shell-model (NCSM) description [11] . Only recently, first ab initio state-of-the-art calculations have been attempted using lattice effective field theory (EFT) [12] .
In this letter, we report on a first study of these phenomena in 12 C within a no-core shell-model framework with essentially no limitation on the number of harmonic oscillator (HO) shells included in the model space. While such model spaces remain inaccessible by ab initio shell models, we are able to address a long-standing challenge [13] , namely, understanding highly-deformed spatial configurations from a shell-model perspective. This is achieved by down-selecting, first, to the most physically relevant nuclear configurations and, second, to pieces of the nucleon-nucleon (N N ) interaction that enter in commonly used nuclear potentials [14, 15] .
We emphasize that the goal of the present study is to inform key features of nuclear structure and the interaction, and hence, to provide guidance needed for ab initio shell model approaches. To do so, we retain simplicity by focusing on two essential pieces, namely, the longrange part of the central nuclear force and a spin-orbit term, while excluding from the present analysis various interaction terms, such as short-range and tensor forces. The latter are indispensable for accurate descriptions, but appear to be of secondary importance to the present study, as suggested by the reasonably close agreement of the model outcome with experiment and ab initio results in smaller spaces. The outcome further points to the need for simple many-body interactions beyond twobody realistic ones for a description of large-deformation and cluster phenomena, and manifests an indication that achieving ab initio descriptions is within the reach of the NCSM. The latter, in turn, will bring forward an accurate reproduction and reliable prediction of energy spectra and associated transition rates that majorly impact astrophysical studies.
In particular, this study allows one to gain further insight into the many-body dynamics, including the physically relevant deformation and particle-hole configurations, that gives rise to the ground state (g.st.) rotational band (the lowest 0 + , 2 + and 4 + states) together with low-lying states suggested to have a cluster structure (0 We employ the no-core symplectic model (NCSpM) for symmetry-preserving interactions with Sp(3, R) the underpinning symmetry [17] . This symmetry is found inherent to nuclear dynamics -a result we have demonstrated in an analysis of large-scale ab initio NCSM applications for 12 C and 16 O [18] . The model offers a microscopic description of A nucleons in terms of mixed deformation configurations and associated rotations [19] , directly related to particle relative (with respect to the center of mass, CM) position and momentum coordinates, r i and p i , with i = 1, . . . , A. It has been successfully applied to 20 Ne [20] with a 16 O core, as wells as to 166 Er using the Davidson potential [21] . It is a microscopic realization of the Bohr-Mottelson collective model [15] , as well as a multiple HO shell generalization of Elliott's SU(3) model [14] .
The NCSpM utilizes a symplectic basis (for details, see [22] ), which is related -via a unitary transformation -to the three-dimensional HO (m-scheme) many-body basis used in the NCSM [23] . The NCSM basis is constructed using HO single-particle states. It is characterized by the Ω oscillator strength and by the cutoff in total excitation oscillator quanta, N max . Indeed, the NCSpM employed within a full model space up through N max , will coincide with the NCSM for the same N max cutoff. It is therefore clear that the present study, while downselecting to the most relevant configurations, provides the first shell-model calculations carried beyond current NCSM limits. These important configurations are chosen among all possible symplectic Sp(3, R) irreducible representations (irreps) within the model space.
The Sp(3, R) irreps divide the space into 'vertical slices' that are comprised of basis states of definite (λ µ) quantum numbers of SU (3) (Fig. 1 ) linked to the intrinsic quadrupole deformation [24] . E.g., the simplest cases, (0 0), (λ 0), and (0 µ), describe spherical, prolate, and oblate deformation, respectively, while a general nuclear state is typically a superposition of several hundred various triaxial deformation configurations. The basis states are built over a bandhead ( Fig. 1 , Set I) by consecutive 2 Ω 1p-1h (1-particle-1-hole) excitations (Fig. 1 , Set II), together with a smaller 2 Ω 2p-2h (two particles a shell up) correction for eliminating the spurious CM motion (not shown in the figure). In the NCSpM, to eliminate the spurious CM motion, we use symplectic generators constructed in relative coordinates with respect to the CM. These generators are used to build the basis, the interaction, the many-particle kinetic energy operator, as well as to evaluate observables.
For the purposes of this study, we utilize a microscopic many-body interaction suitable for large-N max no-core shell model applications. Specifically, along with the usual spin-orbit term, we employ an elementary form tied to a long-range expansion of the nucleon-nucleon central force V (|r i − r j |) [25] kept as simple as possible by considering the most relevant degrees of freedom for a description of deformed spatial configurations [14, 15] ,
(1) This Hamiltonian is given in terms of particle coordinates relative to the CM, with 
The H γ introduces simple but important many-body interactions that enter in a prescribed hierarchical way given in powers of a small positive parameter γ, the only adjustable parameter in the model. The NCSpM, with H γ , reduces to the established Elliott model in the limit of a single valence shell and zero γ and κ, where it was shown to effectively describe rotational features of light nuclei [14] . A successful extension to multiple shells has been achieved and applied to the 24 Mg g.st. rotational band [28] , where an interaction given as a polynomial in Q up through (Q·Q) 2 was employed. Such an interaction directly ties to our effective Hamiltonian (1). Indeed, while higher-order terms in Q · Q of Eq. (1) account for a renormalization of the χ coupling constant as shown in Ref. [29] , they become quickly negligible for a reasonably small γ and, e.g., for
12 C, we find only one term (three terms), besides Q · Q, to be sufficient for the g.st. (Hoyle state).
Collective features in
12 C. -The low-lying energy spectrum and eigenstates for 12 C were calculated using the NCSpM with H γ of Eq. (1) with the empirical estimates Ω ≈ 41/A 1/3 = 18 MeV and κ ≈ 20/A 2/3 = 3.8 MeV (e.g., see [15] ). We fix the coupling constant χ by Ω and take it to decrease with increasing N , the total HO quanta, by using the relation derived by Rowe [30] , χ = Ω 4N to a leading order. This derivation for χ is based on self-consistent arguments and is used in an Sp(3, R)-based study of cluster states of 16 O [31] . The results are shown for N max = 20, which we found sufficient to yield convergence. This N max model space is further reduced by selecting the most relevant symplectic irreps of total dimensionality of 6.6 × 10 3 . These irreps (vertical slices) include symplectic excitations that start at the 0 Ω 0p-0h (0 4), 2 Ω 2p-2h (6 2), and 4 Ω 4p-4h (12 0) bandheads of total spin S = 0 (proton and neutron spins S p,n = 0) (Fig. 1) , as well as two 0 Ω 0p-0h (1 2) bandheads of S = 1 with S p(n) = 0(1) and 1(0). In comparison to the experimental energy spectrum (Fig.  2) , the outcome reveals that, for γ = 1.7 × 10 −4 , the 0p-0h and 4p-4h symplectic irreps track with the rotational bands of the g.st. and Hoyle state, respectively, while the lowest 2p-2h 0 + is found to lie above the other two 0 + states, close to the 10-MeV 0 + resonance observed in 12 C. Clearly, we find no other 0 + state lying below the calculated Hoyle state for the γ chosen, even if all 0 Ω symplectic irreps were included in the N max = 20 model space. And further, e.g., for 2 Ω (2 4), 4 Ω (8 2), (4 4), and (0 6), 6 Ω (14 0), as well as 8 Ω (16 0), the lowest state (0 + ) lies much higher than 30 MeV. We note that the symmetry-mixing spin-orbit term is turned on only for the symplectic bandheads (up through N max = 8 in this study). Neglecting the spin-orbit force results in a rather compressed spectrum. This is similar to the findings of early cluster models, which remedy this by allowing for alpha-cluster dissociation due to a spin-orbit force as discussed in Ref. [34] .
The model with the selected γ successfully reproduces other observables for 12 C that are informative of the state structure, such as r rms point-particle matter rms radii, Q electric quadrupole moments (Table I) and B(E2) transition strengths (Fig. 2) . Theoretical uncertainties in this study are estimated for a ±60% deviation of the Hoyle state energy. This large tolerance corresponds to only −8% to 15% variation in γ and, practically, has no considerable effect on these observables, e.g., it results in a 0.3-1.6% (2.3-10%) variation for radii (E2 transition strengths). The NCSpM finds a quite reasonable matter rms radius for the g.st. (Table I) . Interestingly, our cal- culations yield matter r rms = 2.93 fm for the Hoyle state, 1.2 times larger than that of the ground state. While this result drastically differs from predictions of cluster models, e.g., 3.38 fm [8] , 3.83 fm [38] and 4.31 fm [39] , it is close to a recent value deduced from experiment, 2.89(4) fm [36] , as well as tracks with the ab initio lattice EFT results at a leading order, 2.4(2) fm [12] . Furthermore, the model yields a Q 2
very close to the experimental value, and a large negative one for the 2 + above the Hoyle state (Table I) indicating a substantial prolate deformation for the Hoyle and 2 + states. Such a deformation, albeit not so pronounced, has been also suggested by the ab initio lattice EFT [12] . This is also supported by the wavefunction distribution for the g.st. and Hoyle-state rotational bands (see, Fig. 3a for the lowest 0 + states). Namely, while the predominant component of the 0p-0h states is at 0 Ω (n = 0) and manifests an evident oblate shape [as indicated by the (λ µ) = (0 4) and (1 2) deformation labels], the Hoyle-state band peaks around 8 Ω (n = 8) with a clear evidence for a prolate deformation with (16 0) being the largest contribution. Moreover, the Hoyle state emerges from a 4p-4h shellmodel configuration, that is, the (12 0) bandhead (Fig. 1,  set I ) is realized by an alpha-particle configuration -spatially spherical (0 0), spin zero, and isospin zero -in each of the three lowest HO shells (implying spatial displacement). This together with the strong prolate deformation of this state supports an underlying alpha-particle cluster structure.
The NCSpM B(E2; 2 + → 0 + ) estimates are also found to agree with experiment for the g.st. band, and with the value of 62.5 W.u. of Ref. [9] for the Hoyle-state band (Fig. 2) . However, nonzero interband B(E2; 0 Comparison to ab initio results. -A close similarity is observed when the NCSpM wavefunctions of the g.st. rotational band are compared to ab initio results for the same Ω = 18 and N max = 6 model space (Fig. 3b) . This space appears to be reasonable for these states for both models. In particular, we compare to wavefunctions obtained in the symmetry-adapted no-core shell model (SA-NCSM) [40] with bare JISP16 realistic interaction [41] . The SA-NCSM utilizes an SU(3)-coupled basis, which yields conventional NCSM wavefunctions [23] , but realized in terms of the (λ µ) deformation labels. The close agreement shows that among all possible configurations present in the SA-NCSM, only the states of the (0 4) and then (1 2) symplectic slices appear dominant. And if the SA-NCSM model space is reduced to only the spin components used in this study, S p S n S = 000, 011, and 101, NCSpM observables as g.st. matter rms radius and Q 2 + 1
reproduce the ab initio counterparts as much as 80-90% and 70-90%, respectively, for the same Ω and N max = 2, 4 and 6. This suggests that the interaction used in NCSpM has effectively captured a good portion of the underlying physics of the realistic interaction important to the low-energy nuclear dynamics.
For the Hoyle state and its rotational band, larger spaces are needed, e.g., nonnegligible configurations extend to N max = 18 (Fig. 3a for (Fig. 4a) . Finally, the additional degree of freedom associated with the γ model parameter is in fact substantially limited by 0 increase four times. In short, we carried forward a no-core shell-model study with a many-nucleon interaction to further unveil the underlying physics behind various phenomena important to the low-energy nuclear dynamics of 12 C.
